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Abstract 

We quantize the superstring on the AdS^ x S 2 background with Ramond-Ramond 
flux using a PSU(1, 1|2)/[7(1) x U(l) sigma model with a WZ term. One-loop conformal 
invariance of the model is guaranteed by a general mechanism which holds for coset spaces 
G/H where G is Ricci-flat and H is the invariant locus of a Z4 automorphism of G. This 
mechanism gives conformal theories for the PSU(1, 1|2) x P SU (2|2) / SU (2) x SU(2) and 
PSU(2, 2\A) / SO(A, 1) x SO (5) coset spaces, suggesting our results might be useful for 
quantizing the superstring on AdSs x S 3 and AdS$ x S 5 backgrounds. 
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1. Introduction 

Two dimensional sigma models with target space supermanifolds naturally appear in 
the quantization of superstring theory with Ramond-Ramond (RR) backgrounds. These 
sigma models possess manifest target space supersymmetry and have no worldsheet spinors. 
The fermionic fields are worldsheet scalars as in the usual Green-Schwarz (GS) formalism. 
It was recently shown that a sigma model on the supergroup manifold PSU (1,1\2) can 
be used for quantizing superstring theory on the AdSs x S 3 background with RR flux 
0,0]. In this paper, we show that the sigma model defined on the coset supermanifold 
PSU(1, 1|2)/£7(1) x U(l) can be used to quantize superstring theory on the AdS2 x S 2 
background with RR flux. Furthermore, we show that this sigma model is one-loop con- 
formal invariant and we expect that it is conformal to all orders in perturbation theory. 
Our methods can also be used to produce one-loop conformal sigma models for AdSz x S 3 
and AdS$ x S 5 backgrounds. In the last case, incorporation of the model into a consistent 
superstring theory remains to be done. 

There are two conventional approaches for describing the superstring, neither of which 
has been useful for quantizing the superstring in backgrounds with RR flux. One such ap- 
proach is the covariant GS formalism where spacetime-supersymmetry is manifest and 
worldsheet supersymmetry is absent. The covariant GS superstring action can be defined 
classically in any background which satisfies the supergravity equations of motion. When 
the background fields satisfy these equations, the GS action is classically invariant un- 
der K-symmetry which is necessary for removing unphysical fermionic degrees of freedom. 
Recently, this classical action was explicitly constructed for the case of the AdS$ x S 5 
background ||,|]]. Like the flat ten-dimensional GS action, the AdS$ x S 5 action has four- 
dimensional and six-dimensional classical analogs - the AdS2 x S 2 and the AdS$ x S 3 
actions respectively |5],|6| . Unfortunately, it is not known how to quantize any of these GS 
actions. 

Another conventional approach to constructing superstring actions uses the RNS for- 
malism where quantization is straightforward since the action is free in a flat background. 
The RNS formalism was successful for quantizing the superstring in an AdS% x S 3 back- 
ground with NS/NS flux 0. However, the RNS approach has not been used to describe 
the superstring in RR backgrounds because of the complicated nature of the RR vertex 
operator. 

Over the last five years, an alternative approach to constructing superstring actions 
has been developed which combines the advantages of the GS and RNS approaches ||. 
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Like the GS approach, this hybrid approach uses spacetime spinor variables as fundamental 
fields, allowing simple vertex operators for RR fields. And like the RNS approach, it reduces 
to a free action for a flat background, so quantization is straightforward. The worldsheet 
variables of the hybrid formalism are related to the RNS worldsheet variables by a field 
redefinition, and the action contains critical N = 2 worldsheet superconformal invariance 
which replaces the K-symmetry of the GS action. This N = 2 worldsheet superconformal 
invariance is related to a twisted BRST invariance of the RNS formalism and is crucial for 
removing unphysical states. 

The only disadvantage of this hybrid approach is that ten-dimensional Lorentz in- 
variance cannot be kept manifest. The maximum amount of invariance which can be 
kept manifest (after Wick-rotating) is a U(5) subgroup of the Lorentz group 0. How- 
ever, depending on the desired background, there are other ways of breaking the manifest 
Lorentz invariance which are more convenient. For example, one choice is to break the 
SO(9,l) Lorentz invariance down to SO(5, 1) x £7(2) ||10|1 . This choice is convenient for 
describing compactifications of the superstring to six dimensions and was used succesfully 
in [0 (see also J2j) for quantizing the superstring in an AdS$ x S 3 background with RR 
flux. The worldsheet description of strings propagating on AdSs x S 3 is given by a certain 
modification of a sigma model on PSU(1, 1|2). Another choice is to break the SO(9,l) 
Lorentz-invariance down to SO(3, 1) x U(3) [TJ,|T2[. This choice is convenient for describ- 
ing compactifications of the superstring to four dimensions and will be used in this paper 
for quantizing the superstring in an AdS2 x S 2 background with RR flux. The sigma model 
presented here is based on the coset supermanifold PSU(1, 1\2)/U(1) x U(l). 

As was shown in JIJ and 0, the PSU(1, 1|2) sigma model is conformal invariant be- 
cause of the Ricci flatness of the group supermanifold. To get an AdS2 x S 2 model, one has 
to form a coset space by dividing PSU(1, 1|2) by a U(l) x U(l) subgroup. Unfortunately, 
the resulting coset space turns out not to be Ricci flat. Indeed, on general grounds, only 
division by symmetric subgroupsS preserves Ricci flatness. Nevertheless, the U(l) x U(l) 
subgroup is quite special - it is the invariant locus of a Z4 automorphism of PSU(1, 1|2). It 
is also a symmetric subgroup of the bosonic part of PSU(1, 1|2). Thanks to this Z4 action, 
one can add a WZ term that can be used to restore one-loop conformal invariance. This 
WZ term is <i-exact and the corresponding interaction can be written in terms of manifestly 

1 H is a symmetric subgroup of G if it is the invariant locus of a Z2 automorphism of G. 
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PSU(1, 1|2) left invariant currents. This mechanism for constructing a conformal field the- 
ory works for any coset space G/H, provided that G is Ricci flat and H is the invariant 
locus of a Z 4 automorphism of G. For example, superstring theory on AdS% x S 3 can be ob- 
tained from a conformal field theory based on the PSU(1, 1|2) x PSU(2\2)/SU(2) x SU(2) 
coset!. Our construction also works for the PSU(2, 2\4)/SO(4, 1) x SO (5) coset mani- 
fold and leads to a conformal field theory that could be the starting point for quantizing 
superstring theory on AdS$ x S 5 . 

The AdS2 x S 2 background appears as the near horizon limit of a four- dimensional 
extremal black hole. To realize this background in type IIB string theory one has to 
consider compactification on a Calabi-Yau (CY) manifold X and wrap an appropriate 
number of 3-branes over 3-cycles of X. The four-dimensional metric would be that of an 
extremal black hole. The ten dimensional geometry is not a direct product and the complex 
moduli of the CY vary as a function of the radial coordinate of the black hole. In the near 
horizon limit the CY moduli are fixed by the attractor equation []rjj| and X — » X attr . At 



the attractor point the periods (p 1 , qi) of the CY are proportional to D-brane charges 

Im(C/) = Q 1 , Im(C qi ) = Qi , (1.1) 
where Q 1 and Qi are electric and magnetic charges and C is a complex constant. The CY 



X a ttr is uniquely fixed by the D-brane charges (|1.1| ) , up to the complex constant C H. The 
radius of AdS2 x S 2 is given by 

R=\VQ i Q j n ij (1.2) 



where Nu is the vector superpotential |15[]. The conformal theory describing the strings 
in the near horizon geometry (AdS2 x 5" 2 background) factorizes into the product 

(AdS 2 x S 2 ) x X attr x H p , (1.3) 

where the first factor is the conformal field theory of AdS 2 x S 2 constructed in this paper, 
the second factor is a sigma model on the Calabi-Yau X a ttr (which can in principle be 
replaced by any internal N = 2 c = 9 superconformal theory), and the last factor is the 



2 The details of this construction and its relation to Q will be discussed in [13|. 

3 This complex constant will be related in section (2.3) to the vacuum value of the supergravity 
vector compensator. 
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conformal theory of a free chiral boson p. The product (|1.3| ) is not exactly a direct product 
since changing the D-brane charges adjusts the CY moduli fixed by (|1 . 1[ ) and at the same 
time changes the radius of AdS2 x S 2 . This adjustment is ensured by the presence of 
manifest four dimensional N = 2 supersymmetry in our model. The D-brane charges are 
quantized, but this is a non-perturbative effect that cannot be seen in the perturbative 
worldsheet theory. 



The plan of this paper is as follows: In section 2, we shall review the four-dimensional 



version of the hybrid action in a flat []TTJ] and curved []12| background, and then discuss 
this action in an AdS2 x S 2 background with RR flux. In sections 3-4, we shall show 
that this hybrid action is equivalent to a sigma model action for the coset supermanifold 
PSU(1, 1|2)/£7(1) x U(l) including a Wess-Zumino term. This action is similar to the GS 
action considered by Zhou || (which was based on the AdS$ x S 5 action of Metsaev and 
Tseytlin ||), but has a crucial difference - it includes a metric for the fermionic currents. 
The K-symmetry is explicitly broken by the kinetic term for fermions and is replaced by 
N = 2 worldsheet superconformal invariance. At the end of section 4, we compute the 
one-loop beta functions and show that they vanish for a certain coefficient in front of the 
WZ term. We demonstrate that the sigma model on the coset space G/H with the WZ 
term is one-loop conformal invariant provided that the group G is Ricci flat and H is the 
fixed locus of a Z 4 automorphism of G. 

In section 5, we present a geometrical proof of one- loop conformal invariance based on 
target-space considerations. The target space of our sigma model is the coset supermanifold 
G/H with a G-invariant background metric qab and an invariant antisymmetric tensor 
field strenth Habc- The choice of WZ term (i.e. antisymmetric field strength H) is a subtle 
modification of the usual one which is possible because of Z4 symmetry. After computing 
the curvature of super coset spaces, we show that the non- vanishing Ricci curvature of the 
coset space is cancelled by the Habc stress tensor in the appropriate Einstein's equations. 
Moreover, Habc satisfies its own field equation. In addition, we confirm that the dilaton 
expectation value is constant to two loops because the coset supermanifolds in question 
have vanishing scalar curvature. 

Finally, in section 6 we speculate on the possible relation between conformal field theo- 
ries on the coset spaces PSU{1, 1|2) x P SU (2\2) / SU (2) x 577(2) and PSU{2, 2|4)/SO(4, 1) x 
SO (5) and quantization of the superstring in AdSs x S 3 and AdS$ x S 5 backgrounds. 



2. Hybrid Superstring in Four Dimensions 

We will start by describing the hybrid action based on the 50(3, 1) x £7(3) splitting 
of the Lorentz group []IlJl2]. This action is very similar to the four-dimensional version 
of the GS action, but includes some crucial additional terms. As will be reviewed below, 
the Type II four-dimensional GS action contains four K-symmetries which are replaced 
by N = (2, 2) superconformal invariance in the hybrid action. There are three main 
differences, however, between the four-dimensional GS action and the action based on 
the hybrid approach. Firstly, the action in the hybrid approach is a free action in a 
flat background, so quantization is straightforward. Secondly, it includes compactification 
fields which cancel the conformal anomaly. And thirdly, the action contains a term coupling 
the dilaton zero mode with the worldsheet curvature, so scattering amplitudes have the 
expected dependence on the coupling constant. 



2.1. Hybrid approach in a flat four- dimensional background 

Before discussing the AdSi x S 2 background, it will be useful to review the action in 
the hybrid approach for a flat four-dimensional background. In the SO(3, 1) x £7(3) version 
there are ten bosonic spacetime variables which split into X m for m = to 3, and Yj for 
j = 1 to 3. The y j and Yj variables describe the compactification manifold while the X m 
variables describe the four-dimensional spacetime. As in the RNS approach, the hybrid 
model has left- moving fermions (i/?- 7 , ipj) and right- moving fermions (ifii , associated 
with y j and Yj. One also has sixteen fermionic worldsheet variables transforming as four- 
dimensional spinors which split into (6> a ,p Q ), (0 a : p^) (6> Q ,p a ), ifi a ,p^ for a, a = (1,2) @. 
The 0's and 0's correspond to the left-moving and right-moving fermionic variables of 
N = 2, D = 4 superspace and the p 's and p 's are their conjugate momenta. Finally, one 
has a chiral and anti-chiral boson which will be called p and p. One can show that the 
fermions and chiral boson of the hybrid formalism are related by a field-redefinition to the 
ten ifi's, two bosonic ghosts and two fermionic ghosts of the RNS formalism. The six RNS 
t/>'s from the compactification directions are not quite the same as the six in the hybrid 
formalism, but are related by a factor involving the /5, 7 ghosts. 

4 The fermionic directions are labeled by [a, a, a, a] but in order to simplify the notation (in 
those cases where there is no confusion), we will put a hat only on top of the fields 6,0,p,p, ... . 
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In a flat or toroidal background, the worldsheet action for these fields in superconfor- 
mal gauge is 

S = — [ dzdz \ \3X m dX m + Pa Be a + p a 89 a 

+ p a 89 a + p^dP + dY j dYj + ip j diPj + ftditj] , 

where we have not tried to write the action for the chiral and anti-chiral boson p and p. 
The action of (|2.1|) is quadratic so all fields are free and it is completely straightforward 



to compute their OPE's. We only consider the Type II superstring in this paper, so all 
worldsheet fields satisfy periodic boundary conditions. 

The above action is manifestly conformal invariant, and it also contains a non-manifest 
N = (2, 2) superconformal invariance. The left-moving N = 2 generators are given by 



where 



t = \dx m dx m + Pa de a + p a d6" + \dpdp 

+ 8Y 3 dY 3 + \{^d^j + ijjjd^) , 
G = e ip (d) 2 +ip j dY j , G = e~ ip {d) 2 +^jdY j , 
J = idp + , 



d a = Pa + ia™j a dx m - \{efde a + - A e a d{e) 2 
4 = p a + ta™j a dx m - \{efde a + \e a d{e) 2 



(2.2) 



(2.3) 



4 

and (d) 2 means | e a Pd a dp. The right -moving N = 2 generators are obtained from ( |2.2| ) by 
replacing d with 5 and placing hats on the worldsheet variables. Note that (<i Q , d a ,d a ,d a ) 
anti-commute with the spacetime-supersymmetry generators 



q a = J dz Q a where Q a = p a - ia™J*dX m - h K 9) 2 89 a , 

1 



(2.4) 



q a = j dz Q a where Q a = p a - ia™J a dX m - ^(9) 2 d9, 



To obtain q a and q a , one just substitutes 9^9 and replaces d with 3. 

The N = 2 generators of ( |2.2| ) split into two pieces, one piece depending on the 
'six-dimensional' variables (Y 3 , tfj J ), and the other piece depending on the remaining 'four- 
dimensional' variables (X m , 9 a , 9 a -,p a -,Pa-, p)- One can check that the six-dimensional con- 
tribution forms an N = 2 c = 9 algebra while the four-dimensional contribution forms an 
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N = 2 c = — 3 algebra, summing to a critical N = 2 c = 6 algebra. The above action is 
easily generalized to the case when the six-dimensional compactification manifold is de- 
scribed by an iV = 2 c = 9 superconformal field theory. In this case, one simply replaces 
the flat six-dimensional contribution to the action and N — 2 generators by their non-flat 
six-dimensional counterpart. 



The action of ( |2.1| ) can be written in manifestly spacetime-supersymmetric notation 



using the supersymmetric combinations 

n™ = djX m + ia^{e^d 3 e a + e a d j e & + Pdje a + e a djd & ). (2.5) 



In terms of 11™, the action (2J.) can be written as a sum of the action describing an iV = 2 



c = 9 superconformal theory Sc and a four-dimensional contribution 



s = Sc + b I dzd * ( Usrn + daI1 * + d " u " + da ^ + d ^ 

+ j k [ufia^(9 a d k e & + e a d k e a - e a dj„ -9 A d k 9 a ) ( 2 - 6 ) 



where j, k = z,z and d a differs from the definition of (|2.3|) by terms which vanish on- 
shell. Note that the last two lines of ( |2.6|) represent the standard Wess-Zumino term of 
the four-dimensional Type II Green-Schwarz action in conformal gauge. 

2.2. Type II action in a general curved background 

Using the action of ( |2.1[ ) in a flat background and the massless vertex operators 



described in 12], it is easy to guess the following action in a curved background: 



s = Sc + b I dUz ( ^ Uzc + Bab u * uB 



+ rf Q nf + 4irf + djr z + 4 (2.7) 

+ d a P°^ dp + d & P a$ dp + d a Q°^ dg + d & Q & P dp) , 



where is written in terms of the supervierbein Em A as 11^ = Em A 9jZ m with Z M = 
(X m , 6> M , 9^, 9^,9 and the index A takes the tangent-superspace values [c, a, a, a, a]. 
Once again, to simplify notation we denote 9 a as 9 a and 9 a as 9 a . In other words, we 
put the hat over the symbol instead of the index. We will also use this rule for all other 



worldsheet fields. But we will use the standard notations [c, a, a, a, a] for the background 
fields such as Q a/3 . 

Spinor indices [a, a] and [a, a] correspond to the left and right-moving degrees of 
freedom and c is a vector index. The lowest component of is the vierbein and the lowest 
components of and E^ are the gravitini. The antisymmetric field Bmn is the two-form 
superfield where the lowest component of B mn is the NS/NS two- form. The superfields 
P a @ and P a @ contain the self-dual and anti-self-dual parts of the RR graviphoton field- 
strength as their lowest components. Similarly, the superfields Q a ^ and Q a ^ contain the 
derivatives of the two RR scalars as their lowest components. The last term in (|2.7|), Sc, 
is the action that describes the compactification manifold. 

In a flat background, one can check that the action (|2.7| ) reduces to ( |2.6| ). Furthermore, 
linear perturbations around the flat background reproduce the massless vertex operators 
of @i. 

Note that d and d are fundamental fields in the action of ( |2.7| ), and in a flat background, 
they can be expressed in terms of the free fields p and p using the definitions ( P73| ) . If d and 
d are set to zero and the compactification fields are ignored, the action of (|2.7|) is precisely 
the four-dimensional version of the covariant GS action in a curved background. When the 
background satisfies certain torsion constraints, the covariant GS action has ^-symmetries 
which allow half of the 0's to be gauge-fixed. However, it has only been possible to quantize 
this action in light-cone gauge, which is not accessible for arbitrary backgrounds |16[ . 

By including the d and d fields, as well as the chiral boson p and the compactification 
fields, it is possible to covariantly quantize the action (|2.7[ ) in a manner analogous to the 
normal-coordinate expansion used in bosonic string or RNS superstring sigma models. In 
a curved background, one still has an N = 2 superconformal invariance at the quantum 
level if the background fields are on-shell. The N = 2 left-moving generators are given by 

t = n c z n cz + d a ii a z + d a ii a z + x -dpdp + t c , 

G = e ip (d) 2 +G C , G = e~ ip {df +G C , ( 2 - 8 ) 
J = idp + Jc , 



5 As explained in reference ||12(| , the complete Type II action also contains a 'Fradkin-Tseytlin' 
term which couples the spacetime dilaton to the N = (2, 2) worldsheet supercurvature. But since 
the dilaton is constant in the AdS2 X S 2 background, this term will only give the contribution 
4> J R + a J F where J R is the worldsheet Euler number, J F is the worldsheet U(l) instanton 
number (coming from the U(l) gauge field of the N=2 worldsheet), and e~^~ ia is the background 
value of the supergravity vector compensator Z° (which is related by supergravity equations of 
motion to the dilaton and NS/NS axion background values) []l2|| . 
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where [Tc, Gc, Gc, Jc] are the JV = 2 c = 9 generators describing the compactification 
manifold. One can check that the classical equations of motion of fl2.7|) imply that (d) 2 and 
(d) 2 are holomorphic, so the N = 2 generators are holomorphic at least at the classical level 
]I^,|l6|]. Holomorphicity at the quantum level is expected to imply that the background 
superfields satisfy their low-energy equations of motion. This has been explicitly checked 
at one-loop for the heterotic superstring in a curved background []16|] , but has not yet been 
checked for the Type II superstring in a curved background. So the action of ( |2.7|) is 
still a conjecture at the quantum level but we will provide evidence for this conjecture by 
explicitly showing that the one-loop conformal anomaly vanishes when the background is 
chosen to describe AdS% x S 2 . 

2. 3. Type II A action in AdS% x S 2 background with RR flux 

To describe the AdS% x S 2 background with RR flux, one simply needs to substitute 



the values for the superfields into (|2.7|) . In this background, the field-strength of the 
RR graviphoton is equal to Fq\ = F23 = N where the integer N counts the number of 
branes. But in the presence of a Type IIA (or Type IIB) Calabi-Yau compactification 
with h Kahler moduli (or h complex moduli), there is some ambiguity which of the h + 1 
RR vector fields is called the graviphoton. There is an auxiliary two- form, Tu U , in the 



supergravity multiplet whose on-shell self-dual part satisfies the equation of motion |T7 



_ AN PQ Z* p 

<*P N RS Z R Z S «/3 ' K ' 

where P, Q, i?, S = 0,...h, Z° = e~^~ ia is the supergravity vector compensator, Z p /Z° 
are the Kahler (or complex) moduli for P = 1, ...h, Npq is the vector superpotential, and 
F p ~. is the self-dual part of the P th vector field strength. is the lowest component of 
the superfield P c- and F = Z°T c- gives the linear combination of RR field-strengths 

ap ap ap 

which is turned on. So in the AdS2 x S 2 background, P a ^ and P a/3 take the values 
p°$ = (Z°)- 1 F a P = (Z G )- 1 N(a 0l )°^ = (Zo^NS^ : 

(2.10) 

pap = ( Z 0yl F aP = (z )' 1 N(a 01 ) & P = (Z ) _1 iV<5 d ^ . 

The dependence of P a ^ on the string coupling constant g = can be understood by 
recalling that the e~ 2 ^ term is absent in the FF kinetic term for the RR field. So P a ^ is 
related to the RR field strength by a factor of g. The dependence of P a/3 on the phase 
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factor e ia from (Zq) _1 comes from its non-zero -R-charge where e ia is related to the phase 
of the constant C in In the rest of this paper, we shall assume that a = although 

all our formulas can be generalized to non-zero a by simply rotating all fields by a phase 
factor proportional to their .R-charge. 

Note that the h linear combinations of field-strengths which are not turned on are 
given by 

F p ~-]z p T~, (2.11) 

a/3 4 a/3 ' v > 

for P = 1, ...h. This can be seen from N = 2 D = 4 spacetime-supersymmetry since the 
Calabi-Yau gauginos transform into (|2.11|) under supersymmetry [15 . 
Substituting ( |2.10| ) into (|2.7|) , we obtain 



S= — 

a 



l - J dzdz(\u c 2 u zc + b ab n A nf 

+ d«nf + 4nf + d a n«+1 d n« ( 2 - 12 ) 

+ Ngd a dp 5 aP + Ngdjtp 5^) + S c • 



In the above action, U A and Bab are defined in precisely the same manner as in the 
covariant GS AdS% x S 2 action of Zhou ||, which was based on the AdS$ x S 5 action of 
Metsaev and Tseytlin ||. However, the second and third lines of (p.!2|) are not present 
in the usual GS action and are crucial for quantization. As discussed in || and will be 
reviewed in the next section, the objects U A can be constructed out of currents of the 
supergroup PSL(1, l|2)/L r (l) x £7(1). In the AiS^ x S 2 background, Bab can be written 
in the following simple form:i 

B~=B~ = — 6~, B~ = B~ = —S~, (2.13) 

a/3 /3a a/3' a p p a ^ g & p v > 

with all other components of Bab vanishing. A similarly simple form for Bab occurs 
in the AdSs x S 3 and AdS$ x S 5 backgrounds. Equation ( |2.13|) is easy to prove since 
H abc = V[a-B_bc] + T[ab D Bc]d, so the only non-zero components of Habc are 

TT , rp /3 73 ^ _|_ T~> (3d ^ 

cad ca . x "i cot -°„, a 

P ~ 1 ~ i (2-14) 

= Ng{acU^(-^S^) + Ng(a e )^(-—S a ^) = -|(a c ) QQ , 



6 It appears to have never been mentioned in previous papers |3|-|6| that the WZ term for AdS 
backgrounds is exact in the group-invariant sense, i.e. that the B field can be constructed out 



of the supersymmetric currents. This simple form for Bab was originally found in which 
considered a version of the GS superstring with two types of fermionic symmetries. 
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and = ^( a c)^j which can be obtained from fl2.14| ) by replacing the fermionic un- 

hatted indices by hatted and vice versa. The precise normalizations are fixed by the 
supergravity equations. In ( |2.14| ) , we have used the torsion constraints of |12| to relate the 
torsion components to the Ramond-Ramond field-strengths by the equations 



((7 ) ■ T - 13 = (CT ) P 



7/3 



col v w a7 col K ' joe 



(2.15) 



As in the hybrid action for AdS% x S 3 , it is convenient to integrate out the d and d 
fields. This is possible because of the quadratic term dd produced by the RR flux, which 
implies that d and d are auxiliary fields. Substituting the equations of motion for d and d 
into ( |2.12| ) and taking ( [2.13]) into account, one obtains 



S = Sc + 



1 



a' 



dzdz 



lrrc 

2 



1 



ANg 



(2.16) 



The Ng dependence can be simplified by rescaling E C M — > (Ng) E C M , and E 



(Ng)~2E%j to obtainB 



S = S C + 



1 



2a'g 2 N 2 



dzdz 



n° n, c +-(5 Q/3 n«rrf + s. u^)+ 



M 



[2.17) 



The N = 2 superconformal generators are the same as in ( |2.8| ) with d replaced by 
its equation of motion, and the compactification-independent part of the stress tensor 
will be shown in section 3 to be the conformal generator for a sigma model based on the 
supergroup PSU(1, l|2)/L r (l) x U(l). Note that the action and constraints are invariant 
under the transformation which takes the bosonic currents IF — ► — IF, the fermionic 
currents II — > ill and IT — > —in, and which shifts p — > p + n and p — > p + n. The presence 
of this Z4 symmetry will be important later. 



7 This rescaling is chosen such that the torsion constraint for T„ d remains independent of Ng. 
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2-4- Periurbative derivation of AdS2 X S 2 action 

In the hybrid action for AdSs x S 3 of reference the action was justified using a 
Ramond-Ramond vertex operator to perturb around a flat background. This justification 
was important in the AdSs x S 3 case since there did not exist a hybrid action for the 



general six-dimensional Type II superstring background. Although the existence of (|2.7|) as 



a hybrid action for the general four-dimensional background |E_2| makes such a justification 
less necessary in the AdS2 x S 2 action, we shall show in this section that such a perturbation 
is possible and leads to the same result of ( |2.16| ). 

The vertex operator in a flat background for a constant graviphoton field-strength 
F 01 = F 23 = N is given by 

V = Ng J dzdz {5 a0 Q a Q p + S^Q^Q ) , (2.18) 



where the g dependence in V comes for the same reason as in (|2.10| ) and Q is given in terms 
of p's and 0's by fl2.4p . It is clear that V is a physical operator since the supersymmetry 
currents Q commute with the N = 2 constraints of ( |2.2|) . Adding V to the flat action of 
(|2.1|) produces the action 

S = — [ dzdz ( \dX m dX m + p a d6 a + padO* 

a J V (2.19) 

+ p a d9 a +%dP + Ng(5 af3 Q a QP + 5 &$ Q A Q?)) + S c • 



Now one can integrate the Q's out, and keeping terms only up to the cubic order in fields, 
one can just replace Q = (Ng)~ 1 d6 and Q = —(Ng)~ 1 d6. Finally, integrating by parts 
and using the fact that terms proportional to ddX m or 886 can be removed by redefining 
X m or 9, one can write the action as 

S = ^ J dzdz ( \BX m 8X m + (Ng)- 1 (5^d6 a d6 p + 5 a$ dPd6 ) 

+ z< a {d & d j x m d k o a + e a djX m d k e a - PdjX m d k e a - e a d J x m d k P)) + s c . 

(2.20) 

The action (|2.20| ) supplemented by the total derivative term 

AL = -e jk ^; (SapdifrdkeP + 5.pd 3 Pd k ¥) , (2.21) 

reproduces the action of (|2.16| ) up to cubic order in the fields. 
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3. AdS 2 x S 2 from the PSU(1, 1\2)/U(1) x U(l) coset 

From the work of |lj] and @, it is natural to expect that quantization of strings 
in the AdS% x S 2 background requires a sigma model based on a quotient supermanifold 
PSU(1, l|2)/i7(l)x{7(l). In this section, we discuss this coset supermanifold and its higher 
dimensional analogs. We also introduce a Z4 symmetry that will play an important role 
in our considerations. Finally, we construct a sigma model action as a gauged principal 
chiral field. The model constructed in this section is not conformal and the necessary 
modification (a WZ term) will be discussed in the next section. 

As we will confirm in this and in the next sections, the action Q2.17 ) indeed combines 



the sigma model and the WZ terms of the PSU(1, l|2)/£/"(l) x U(l) coset. To make the 
identification, one notices that the objects [n c , IP, IP, IP, IP] generate global PSU(1, 1|2) 
rotations and can be identified with the sigma model currents. 

3.1. Coset spaces and Z4 symmetry 

Let us start this section with a discussion of the signature of the coset space. There are 
two closely related cosets, PSU{2\2) JU{1) x U{1) and PSU(1, 1|2)/*7(1) x U{1), that differ 
by the choice of real structure on the group. The first coset is based on the SU (2) x SU (2) C 
PSU(2\2) and leads to the S 2 x S 2 geometry with the signature being (2,2). The other 
coset leads to the AdS 2 x S 2 geometry with the signature (1,3). Clearly, the physics of 
these two backgrounds is very different, but they share many common algebraic properties. 

The super Lie algebras psu(2\2), psu(l, 1|2) are the algebras of 4 x 4 matrices with 
bosonic diagonal blocks and fermionic off-diagonal blocks 

M = (^y where trA = trB = . (3.1) 

The bracket is defined to be the commutator projected on the doubly-traceless subspace. 
The supertrace is defined as Str(M) = TrA — TrB and the (super) antihermiticity condi- 
tion for psu{2\2) is ]l^ 



M f = ( ^ ) = -M A = —A^ , B = —B^ , X = iYl (3.2) 
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In other words, the Grassmann even matrices A, B are traceless antihermitian, and the 
Grassmann odd X,Y matrices are related to each other.! For the case of psu(l, 1|2), the 
anti-hermiticity condition is 

Mt ee ( a _^\2 ~ m B f )=-M - A= -asAt^" 1 , B = —B^ , X = ia 3 Yl (3.3) 

The bosonic geometry of the PSU(1, 1|2) is AdSs x S 3 , so to construct a string theory 
on AdS2 x S 2 , we have to quotient the group by (the right action of) U(l) x £7(1). The first 
£7(1) is embedded into SU(1, 1) to produce AdS2, while the second is embedded into SU (2) 
to give rise to S 2 . Since PSU(1, 1|2) has already the right number of fermions (8 real ones), 
we divide only by a bosonic subgroup. For a reason that will become clear later, we will 
think of this subgroup as an invariant locus of a Z4 automorphism. Both for psu(l, 1|2) 
and psu(2\2) the Z4 automorphism is generated by conjugation M — * O(M) = _1 MO 
with the matrix 

«=(?£)■ (") 

This conjugation respects the anti-hermiticity conditions given above and manifestly gives 
an algebra automorphism. In addition, the invariant subalgebra O(M) = M is the desired 
bosonic it(l) © u(l) algebra. Finally, 4 (M) = M. 

Since this Z4 automorphism will play a key role in our construction, it is of interest 
to show that it is also present for other AdSa x S d spaces of relevance. For example, 
AdS$ x S 5 appears as the bosonic part of the super-quotient PSU (2, 2\4)/SO(4, 1) x £0(5). 
In general, the Lie superalgebra psu(n : n\2n) has a Z4 automorphism whose invariant locus 
is usp(n,n) x usp(2n) ||20|1 . The anti-hermiticity condition for psu(n, n\2n) is as follows 

M+ = ^ ~ ) = ~ M ^ A = - s ^ ts > B = -B* , X = i£Y+ , (3.5) 

where E = 173 <8> 7 n arid 7 n is (n x n) identity matrix. Then the Z4 automorphism is 
generated by 

M = (y B ) - n W - ( ^ ) ■ »l-e J = ( ° ) . (3.6) 

8 Antihermitian (super)matrices form a superalgebra because (MiV)^ = iV^M^. On block 
matrices dagger means transposition composed with ordinary complex conjugation ( (eie2) = 
eie 2 ). 
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While it is not expressed as conjugation, one can verify that it is a Lie algebra automor- 
phism compatible with the antihermiticity condition ( |3.5| ). Moreover, its fourth power is 
the identity and the Z4 invariant locus is precisely usp(n,n) x usp(2n). When n = 2, 
su(2,2) ~ so(4, 2), usp{2, 2) ~ so(4, 1), usp(4) ~ so(5) (see pH ) an d we recover the 
quotient that leads to AdS*, x S 15 geometry. Other group signatures can be discussed 
similarly!!. 

The Z4 action can be used to decompose the Lie algebra Q as 

Q = H ®H 1 ®H 2 ®H 3 , (3.8) 

where the subspace TCk is the eigenspace of the Z4 generator Q with eigenvalue (i) k . The 
subspaces Tii and 7i 3 contain all the fermionic generators of the algebra Q and IH.2 contains 
the bosonic generators of Q that are not in the subalgebra 7io- The definition of Z4 implies 
that the hermitian conjugate of TL\ is 7^3 0. Given that Z4 is an automorphism of the Lie 
algebra, the decomposition @kHk satisfies 

[H m ,K]cW m+ „ (mod4). (3.9) 

The bilinear form is also Z4 invariant and hence 

(H m , H n ) = unless n + m = (mod 4) . (3.10) 



9 Let us also mention that there is an alternative way to impose a hermiticity condition based 
on a second way to define complex conjugation on Grassmann variables. This conjugation, de- 
noted #, satisfies ||: (ce) # = ce # , (e # ) # = (-) des(e) e, and (eie 2 ) # = efe*. The alternative 
antihermiticity condition is 

M+ = ^ ^+ j = —M -» A = —A + , B = -B + , X = -Y + (3.7) 

where on block matrices + denotes transposition composed with ^-conjugation. Note that 
(MN) + = N + M + . The above antihermiticity condition is also compatible with the Z4 ac- 
tion ( |3.6| ) and restricts psl(2n\2n) (over the complex) to psu(2n\2n) and the invariant locus to 
usp{2n) x usp{2n) (usp(4) ~ so(5) for n = 2). 
10 The eigenvectors in Hi and H3 thus give a complex basis for the real Lie algebra Q. 
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To illustrate these ideas concretely, we present the basis for the psu(2\2) algebra 
explicitly and the Z4 decomposition. The Lie brackets of the algebra are 



\K K 1 = S K - S K - S K 4- S K 

[K[j,Vi Spoil = SppSva SvpSpot (3-11) 
{SfjLCtj S v p\ 2 £pvp<r £a/3 



'per 



where the indices (jl, v, p,a = (0, ...3) and a, (3 = (1, 2). The invariant bilinear form in the 
algebra is 

(K p,v , K per) = tpvpo {Spec , S v fi) — S^ u € a /3. (3.12) 

Denoting = S^i , = S^, one obtains for the Z 4 invariant subspaces: 

Ho = {K 03 , K l2 } 
Hi = {<S M +iSfj,\ ix = 0, ■ • -3.} 
H2 = {Kqi, K02, Kis, K23} 
H 3 = {<S M -iSJ fj, = 0, ■ • -3.} . 



(3.13) 



The reader can explicitly check that this decomposition satisfies ( |3.9|) and fl3.10|) . 

3.2. Sigma model action 

The easiest way to construct a sigma model action on the coset space is by gauging 
the subgroup H whose Lie algebra is Ho (which will sometimes be simply called H). Let 
g(x) G G describe the map from the worldsheet into the group G. The current J = g~ 1 dg 
is valued in the Lie algebra Q. Introducing the gauge field A taking values in Ho, one can 
define a gauged action 

S[G, A] = ^2 J d 2 x Str(j -A) 2 . (3.14) 

It is convenient to decompose the current J into two pieces J(°) G H and J' G (G\H ) = 
Ti! . There is a natural metric on Q, given by (A, B) = Str(AB) which allows us to make a 
canonical choice of J' such that Str(J'J^) = 0. Now consider the gauge transformation 
g(x) — > g(x)h(x). Taking into account that [TCq, TC'] C H' (the subgroup H is reductive) 
we get that J' transforms by conjugation J' — ► h~ l J'h. Meanwhile, the current 
transforms inhomogeneously as h~ 1 J^h + h~ l dh. The inhomogeneous term in 
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this transformation cancels the inhomogeneous transformation for the gauge field A, such 
that the action ( |3.14j ) remains invariant. 

Integrating out the gauge field A, we obtain an action for the sigma model on a coset 
space 

^/h = ^j d2x Str ( J ' 2 ) ■ ^ 
It is clear that this action is gauge invariant with respect to the gauge transformation 
g(x) — > g(x)h(x) and therefore is defined on the coset space G/H. The group G acts on 
the coset space by global left multiplication, namely for coset representatives [g] and group 
element go G G we have go : [g] — > [gog] ■ It is clear that J' (as well as J) is invariant under 
this transformation. Observe that the action ( |3.15| ) can be easily generalized by replacing 
the StrQ by any ad(H) invariant metric b(J', J'). The invariance of the metric implies 
that the action would still possess the same gauge invariance. 

The sigma model action ( 3.15 ), however, cannot be the right string worldsheet action 
since this sigma model is not conformal. At one loop, a counter term proportional to the 
Ricci tensor gets generated. As we will see in Section 5, the Ricci tensor for the quotient 
PSU(1, 1|2)/*7(1) x U(l) is non-zero. 



4. WZ term and conformal invariance 

In order to make the theory conformal, we modify the action by adding an extra 
term. This term will be a special version of a WZ term. Let us first remind the reader the 
structure of the WZ term for a supergroup. For a (super) group G, the WZ term arises 
from a closed 3-form. Indeed, the three form reads 



ft = Str ( J A [ J A J] ) = Jmnk J A J N A J K , (4.1) 

where J A are left-invariant one forms defined as g~ x dg = J m Tm, f mnk = QmpInk 
are the totally (graded) antisymmetric structure constants, and gMN is a G invariant 
bilinear form on Q. The WZ term is simply the integral of the pullback of O over a three 
manifold whose boundary is the world sheet. One can readily verify that dfl = making 
use of the Maurer Cartan identities 

dJ K = ~\[J A J] K = -\& N J M A J N , (4.2) 
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and the Jacobi identity for Q. The three form should be closed, so it is at least locally 
exact and thus can arise from a two-form B. 

The possibility of writing the WZ term for the G/H coset arises due to the very 
special nature of the subgroup H C G. The group G admits a Z4 automorphism and the 
subgroup H is the fixed locus of this action (see for example fl3.4Q , (|3.6|) ). This is a general 
statement which is valid for any coset PSU (n, n\2n)/U Sp(n, n) xU Sp(2n). In this paper, 
we will mainly deal with the AdS% X S 2 case (n = 1) and make some comments on n = 2. 

Let us denote the projections of the 1-form J on the corresponding subspaces Hk of 
(0 as 

JW = J\ Hi ■ (4.3) 

The naive restriction of the three- form Q to G/H (obtained by letting indices run only 
over coset values) is not even closedB Still, one ean write a WZ term using the Z 4 decern- 
position of the algebra. This WZ term is precisely that of || (which is a straightforward 
generalization of the WZ terms in [|3],|],[|) and can be written as 

O = Str{[J^ A JW] A - [J® A j( 3 )] A J^) . (4.4) 

This 3-form is closed and its variation is exact. Let us introduce the indices {i, j, k, ■ ■ ■} for 
Ho, {a, 6, c, • • •} for Hi, {/, m, n, • • •} for H2, and {a', b', c', • • •} for H3. Then the 3-form Q 
can be rewritten as 

ft = fmab J m AJ a AJ b - fma'V J™ A J a ' A J b ' . (4.5) 



Using the Maurer-Cartan identities ( |4.2| ) for the one-forms J a and J a , it is easy to check 
that the WZ 3-form O given above is <i-exact 

O = d StrijM A J (3) ) =d(g aa ,J a A J a ') = dfi (2) . (4.6) 

The full action can now be written as the sum of the kinetic term ( |3.15|) , and the (two- 
dimensional) integral of 

q - jl ik f n(2) 

b G/H ~ b G/H + / W 

1 [ 2 1 (2) (2) (1) (3) [lis (1) (3) (4 ' 7) 
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The rules for working with forms and exterior derivatives on homogeneous spaces G/H were 



reviewed in [23|. 
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where k will be determined later@. Let us stress that this action differs from that of 
|^-|(J since it contains a kinetic term for fermions. This kinetic term breaks ^-symmetry, 
however, instead it allows N = 2 worldsheet superconformal invariance. To construct the 
N = 2 superconformal generators, it is useful to rewrite the action as (with e 01 = +1) 

S G/ H = ^j rf 2 x^r(ji 2 )jf + (l + fc)jW4 3 ) + (l-fc)jWj( 3 )). (4.8) 

Although the coefficient k can be fixed by requiring one-loop conformal invariance, we 
can try to guess the appropriate value of k by examining the classical equations of motion. 
Taking into account that the variation of J satisfies the equation 5 J = ddX + [J, SX] , we 
obtain 

D z jf + D- Z JP +k(d z 4 3) + [JP, Jf)] + [Jj°), jf] - (z <- *)) = 
D Z JP + D S JV> +k(d- z jP + [Jf\jf] + [4°\ J«] - (* <- *)) = (4.9) 
D Z JP + D- Z JV + 2k{[jf\j^] - [J«, JU)) = 0. 

For k = ±1/2, a significant simplification happens. Using a linear combinations of the 
above equations and Maurer-Cartan identities d z J z — d z J z + [J z , J z ] = and setting 
k = 1/2 we obtain 

D z 4 3) =0 , D s jW = 0, 

D Z J^-[4 1 \JP\=0, (4.10) 

where the covariant derivative is defined as = + [jf£ , ]. So for k = 1/2, the current 
is covariantly holomorphic and the current is covariantly antiholomorphic. (The 
other choice of k = —1/2 would flip the roles of and J^ 3 \) This means that any 
iJ-invariant combination of J*- 1 -* currents will be holomorphic when k = 1/2. 

Note that when k = 1/2, the actions of ( |4.8|) and (|2.17| ) agree since Il c is identified with 
j( 2 ) ) n a and Il a are identified with IP and II Q are identified with Furthermore, 
the four elements of decompose under H = U(l) x £7(1) as (J+l, J-l, J-+, J+-) where 

12 The coefficient i in ( [4.7| ) makes the contribution of the WZ term to the Euclidean worldsheet 
action real. This is a little unusual but is forced by conformal invariance (which will imply that k 
is real). Moreover, the field B has non zero components B aa i and B a / a only in fermionic directions 
and we are not aware of any quantization condition that would require this term to be imaginary. 
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the first two are identified with IP and the second two are identified with IP. So we can 
define two classically holomorphic, H invariant combinations of which are 



A+ = ji 1) + J i _ 1 l A- = J«J«, (4.11) 



where we dropped the z, z indices. We conjecture that the 2d QFT theory given by 
is exactly conformal for k = 1/2 and that the composite fields A + (z) and A~(z) remain 
holomorphic at the quantum level. This could be checked by perturbative calculations. 
Furthermore, we conjecture that the OPE's of A + and A~ form some version of a W- 
algebra 

A+(z)A-(w) = — 1 + 1 T + r^—.Ws , (4.12) 
(z — w)^ (z — w) z (z — w) 

where T is the stress-tensor and W3 is some new spin-3 current. The OPE's of A + and A~ 
with themselves should be regular. The conformal anomaly of this VF-algebra coincides 
with the superdimension of the coset space which is c = —4. It follows from our calculations 
of the effective action that the W-algebra persist at one-loop level. Remarkably, it is 
closely related to an iV = 2 superconformal algebra and can easily be converted into 
one by adding an extra chiral boson p. Let us fix the normalization of p by requiring 
that (p(z)p(w)) = log (2 — w). Then the fields e ±ip have dimension A = —1/2 and the 
combinations = e ±ip A ± together with stress-energy tensor T+ ^dpdp and U(l) current 
j = idp generate a c = —3 N = 2 superconformal algebra. Adding any JV = 2 c = 9 
superconformal field theory for the CY manifold to this model produces a critical N = 2 
c = 6 superconformal field theory. This superconformal field theory is precisely the one 
described in the previous section where A + = (d) 2 and A~ = (d) 2 . It is related to the 
RNS version of the superstring by using the RNS stress tensor, BRST current, b ghost, and 
ghost number current as twisted N = 2 generators, redefining the worldsheet variables, 
and then untwisting to get a critical c = 6 superconformal field theory [|8| JX0|] . 

4-1. One loop beta function 

In this subsection we use the background field formalism to compute the one loop 
effective action and verify that there are no UV divergences for k = ±1/2. We write group 
elements as g = ge xx where g is the background field, X 6 Q parameterizes quantum 
fluctuations around g, and A is the coupling constant (i.e. the inverse radius of AdS^ x >S 2 ) 
inserted here for convenience. Then the current J M can be written as 

J» = g-%9 = e~ xx J^e xx + e- AX c> M e AX , (4.13) 
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where J ^ = g l d ll g is the background current. The action for the coset space is given by 
( |4.7| ) which in our parameterization becomes 



S g/h = ^ 2 J Str(±(e- xx J,e xx \g\ no +e- xx d,e xx \g\ no ) 2 + 
+ike^ (e- xx J,e xx + e~ xx d,e xx ) \ Hl (e~ xx J u e xx + e~ xx d u e xx ) W 



(4.14) 



The gauge invariance of the original action g — > gh (where h G H) allows us to choose 
a gauge for X such that X G Q \ Ho. The gauge invariance of the effective action for 
the background field becomes manifest in this gauge for X. Under g — ^ gh we simply 
change variables X — > h~ 1 Xh in the functional integral. As the subgroup H is reductive, 
h~ 1 Xh G Q\H.q and so we are still in the same gauge for X. The action (|4.14j ) is invariant 
under such transformations. The integration measure is certainly invariant for k = since 
there is no chirality. For all other k, we may use the same regulator as for k = to see 
that the measure is invariant. The gauge invariance of the effective action guarantees that 
our theory makes sense on the coset space even quantum-mechanically. 

To compute the effective action for our model, we first have to expand ( [4.14j) in terms 
of X and then evaluate all 1PI diagrams with external lines of the background currents 
J. To compute the beta function we need to renormalize UV divergent diagrams. The IR 
divergences can be dealt with in the standard fashion by adding a small mass term \i for 
X. By power counting, the UV primitively divergent diagrams can have no more than two 
external lines. Thus we need to evaluate those. 

The expansion of (|4.14|) contains the zeroth order term in X that is simply the action 



for the background field and the linear term in X which does not contribute to 1PI dia- 
grams. We are interested in terms of second order in X which are the only ones we need 
to compute the one-loop beta function. There is the kinetic term for X that is simply 

J d 2 x Str(8^X) 2 , (4.15) 

and terms which include interactions between J and X. These terms can be divided into 
three subsets: (i) terms containing J^ 2 \ (ii) terms containing and/or and (iii) 
terms containing and/or 



13 One might also consider terms containing , but the effective action should be independent 
of them since their appearance would indicate the breakdown of H gauge invariance. Using 
methods similar to those described below, we explicitly checked that such terms were absent in 
the one-loop effective action. 
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Terms of type (i) are given by 

- / d 2 x Str((- + k)dX^\jP,X^} + (--k)dX^[ji 2 \X^} + 
Ti J V 2 2 

+(i - fc)0x< 8 >[j* a \ xW] + (I + fc)0x< 8 >[j< a >, x( 3 )]+ (4 ig) 

-fcJi 2 )[[Jl 2) , iW], X( 3 >] + fc JJ 2 ) [[J< 2) , l( 3 '],lW]+ 

+ j( 2 )[[jF,x( 2 )],x( 2 )]). 

The first four terms above contain a single background current and therefore give rise 
to fish-type divergent diagrams in second order of perturbation theory. Their combined 
contribution to the divergent piece is equal to 




log(A/^) J[ J? {{\ - k) 2 (f lab f Va , m g bb 'g aa ') 
H\ + kf{f lalb ,f bam g b ' b g a ' a )) 



(4.17) 



where A(//) denotes UV(IR) cutoff. Our convention for the indices and subspaces is the 
same as defined above equation ( |4.5|) . We put group-theory factors in parentheses to make 
comparison easier. 

Similarly, the last three terms in ( |4.16| ) contain two background lines and also renor- 
malize the propagator at one loop. Evaluating their contribution to the divergent piece, 
we obtain 

= log(A//x) Ji Jf (k(f lab f b , a , m g w g aa ') 




! -kUia'v ham 9 b ' b 9 a ' a ) (4.18) 

~\~{flikfnjm9 9 ^ , 



The first two terms above have the same group factors as those in (|4.17|) , so adding them 
makes the coefficients in front of both equal to 1/4 + k 2 . Their sum can be written in 
terms of the group factor in the third term of ( |4.18|) since the groups we choose for our 
coset constructions have vanishing dual Coxeter number, which implies, in particular that 
the (I, m) components of the Cartan-Killing form vanish: 

= flab fva'm g^g™' + fla'V fbam / V" + Vlik fnjm <7*V j • (4.19) 
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Adding the contributions from both types of diagrams and using Q4.19Q , we find that the 
sum is equal to 

(~ - 2k 2 ) log(AM) J\ J? (f hk f njm g kn g^) . (4.20) 

Thus, there is no renormalization only when k = ±1/2, which are the same values of k 
that we guessed using the classical equations of motion (f4.9| ) . 



Repeating the same steps for terms of type (ii) gives 
I J d 2 x Str{(\ - \)dX^[jf\ X ^] + (\ - ^)dX^[jf\ X^} + 

+(\ - f )^WU (2) ] ± (~ - |)0X< 2 WU (1) ]+ (421) 

+ (k + 1) J« [[jf, A«], A^] + 2k J^[[Ji 3 \x(%X^] + 

+kmji 3 \x { %x {i) ]) ■ 

The fish-type diagrams give the divergent contribution 

= \{l-2k) 2 \og{k/ l i)j:j?'{f amb f b , na> g hb 'g mn ) . (4.22) 




while the divergent contribution from the last three terms in (|4.21|) is 



(4.23) 



= log(A/^) J: j°' (3k(f amb f Vna , g bb 'g mn ) + 
(k + l)(f aib/ f bja ,g b ' b g^ 
Again, the first term above has the same group structure as in (|4.22|) while the second can 



be expressed through it using vanishing of the a, a' components of the Cartan-Killing form 
in a way similar to Q4.19|) . Summing both types of diagrams in this case gives 

(2k 2 - i) log(A/^) J« J|' (f amb f Vna . g bb 'g mn ) (4.24) 

which vanishes for the same values of k = ±1/2. Terms of type (iii) in the expansion of the 
action can be dealt with in the same manner and with the same conclusion that k = ±1/2. 

One can immediately deduce from the above results that the one loop beta function 
for 1/A 2 is proportional to (2k 2 — |), while the renormalization of k is identically equal 
to zero independently of the values of A and k. We therefore conclude that the couplings 
A and k are not renormalized at one loop. In fact, we believe that the the theory given 
by ( |4.8|) is exactly conformal for k = ±1/2 and we plan to address this issue in the near 
future. 
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5. Ricci Curvature, Field Equations and Conformal Invariance 

Here we study the geometrical properties of coset supermanifolds. We first show 
how to compute the Ricci curvature of homogeneous supermanifolds G/H in terms of 
structure constants of the associated Lie algebras. In doing this, we will explain the role 
of the chosen Lie algebra metric. This will illuminate the metric interpretation of the 
work of [0 and @. Then we compute the curvature of G/H in terms of the curvature of 
G plus additional terms. These formulas will confirm that PSU(1, 1\2)/U(1) x U(l) and 
PSU(2, 2|4)/S'0(4, 1) x SO (5) are not flat and therefore the corresponding sigma models 
require some modification for conformal invariance. 

In the second subsection, we present another proof of one-loop conformal invariance 
of our model. We show that the background fields implied by the kinetic term and WZ 
term satisfy the appropriate target space field equations that arise from the conditions of 
one-loop conformal invariance. This approach makes use of the geometrical properties of 
the coset in question. We also show that there is no two-loop correction to the central 
charge. 

5.1. Ricci curvature and Lie algebra metrics 

We consider here metrics on homogeneous supermanifolds obtained as coset spaces 
G/H where G is a Lie supergroup and if is a sub(super)group of G. Our discussion is a 
generalization of the familiar results for bosonic cosets []24]j25[1 to the super case. A useful 
reference is [BBJ. 

We focus throughout on reductive coset spaces, i.e. spaces where the Lie algebra Q 
can be decomposed as a direct vector space sum of the Lie algebra TC of H and an ad (if) 
invariant space Q\TC. We choose a basis {%} of generators for Q, and use the letters 
{M, N,P,-- •} to index the generators of Q, the letters {/, J, K . . .} to index the generators 
of TL and {A, B,C . . .} for the elements of Q \ TC. 

Assume that Q has an ad(G) invariant bilinear form (Tm,Tn) = bu n whose re- 
striction to TC is non-degenerate and thus can be used to produce a reductive orthogonal 
decomposition Q = TC © (Q \T~C). The homogeneous space admits a G-invariant metric 
arising from the restriction of the bilinear form b to Q \ TC. The following result then holds 
for the curvature of this metric ( [^4[ , vol. 2, p. 203): 

Rabdc + {B^D) = - a ff B b EF fg D + f AB b TJ f£ D + (B~D) . (5.1) 
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It is clear that the Riemann curvature tensor does depend on the choice of bilinear b. To 
find an expression for the Ricci curvature, we contract with the inverse metric b BD 

RAC = ( 4 /.AS b EF fcD + /Is b U Icd) = ~^ /ad IbE - fjLD f8l ( 5 - 2 ) 

The bilinear form drops out of the Ricci tensor as a consequence of its group invariance 
and the orthogonality of Q \ 7i and 7i. This is the desired result for the Ricci curvature 
of a ordinary homogeneous manifold G/H. We now claim that for a super coset manifold 
we simply need to replace one of the contractions by a supertrace: 

Rab (G/H) = -i ff D fE E (-) E - f AD fSA-) 1 • (5.3) 

It should be noted that structure constants of a Lie superalgebra are commuting numbers 
and thus fpQ = unless e(M) = e(P) + e(Q)(mod 2). It follows that Rab vanishes unless 
both A and B are commuting or both are anticommuting. As a consistency check of the 
above equation, one can verify the expected exchange symmetry Rab = ( — ) AB Rba, and 
that ( |5.3| ) agrees with results derived in [[26). Note that as in the bosonic case, the Ricci 



curvature is independent of the bilinear form. When H is the identity, the result ( |5.3j ) 
reduces to 

Rmn(G) = -~ f p MQ f Q NP {-) p = -~ Str (T M T N ) = i k MN , (5.4) 

where Tm are the generators of Q in the adjoint representation p (Tm)n = f P MN and k 
is the Cartan-Killing metric on Q (positive definite for compact semisimple Lie algebras). 
This is an important fact: the Ricci curvature of a G x G invariant metric on G depends 
only on the Cartan-Killing form k on Q. This confirms the metric interpretation of the 
computation of g,|[. Their PSU(1, 1|2) metric arises from the defining representation of 
SU(1, 1|2) but its Ricci curvature is still given by the Killing form which vanishes. 

5.2. Further results and the curvature of PSU(1, 1\2)/U(1) x U(l) 



The Ricci curvature of a group G, as given in ( |5.4|) , takes a useful form when G has 
a subgroup H. A small calculation making use of exchange symmetries gives 

Rab(G) = -- fAN Jbm (~) M = _ ^ /ad J be (~) E - 2 f^D fEi 5 (5-5) 
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where we use the index convention of the previous subsection. If H defines a symmetric 
subgroup (i.e. [Q \ H , Q \ H] C H), then 

Rab(G) = -\ f AD fEiH 1 . (5.6) 



Combining ( |5.3|) with (5J3), we find the following two expressions for the Ricci curvature 
of a coset: 

Rab(G/H) = R AB (G) - \ f AD fj>j (-)' , (5.7) 

Rab(G/H) = 2R AB (G) + \ fSo fj> E (-) E . (5.8) 

Note that the extra terms involve sums over Ti indices in (|5.7| ) and involve sums over Q \ Ti 
indices in 

It will also be useful to have an expression for the scalar curvature R(G/H) of the 
coset in terms of the scalar curvature R(G) and the scalar curvature R(H). Decomposing 
the scalar curvature of G in terms of subgroup and coset indices, we find 

R(G) = Ru(G)g JI + R AB (G)g BA , 

= -\ffn f? E {-) E 9 JI - \fh /£R V + Rab{G) 9 ba , (5 . 9) 

= ~\fiD fU-) E 9 JI + R(H) + Rab{G) 9 ba . 

On the other hand, we also have 

-\f E f D (-) E n JI - --f 1 f D (-Va BA 
^JidJjek ) 9 — ^JadJbik ) 9 > 

= \R{G/H)- 1 -R AB {G)g BA 



(5.10) 



where the first step is proved by raising and lowering indices using fpiD = 9FEff]j, fjr> = 
(~) F 9 EF Ifid, and the total graded antisymmetry of the structure constants with three 
lower indices. The second step made use of (|5.7|) . Finally, using (|5.9|), we find that 



R(G) = \ R(G/H) + \ R AB (G)g BA + R(H) . (5.11) 

Let us now consider the computation of the Ricci curvature for the special cases. 
When G/H is a symmetric coset space, we find from ( |5.8| ) that 



R AB (G/H) = 2R AB (G) [G/H symmmetric] 
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(5.12) 



So if we take a Ricci flat supergroup and divide by a symmetric subgroup, we get a Ricci flat 
coset, thus a one-loop conformal sigma model. The coset space G/H = PSU(1, 1\2)/U (1) x 
£7(1), however, is not symmetric, because H does not contain fermionic generators while 
there are bosonic generators in Q \ TC. Indeed the bracket of a fermionic generator and 
any bosonic generator in Q \ TC would be a fermionic generator in Q \ TC. Thus, there 
is no reason to expect this coset space to be Ricci flat. To show that the curvature 
of G/H = PSU(1,1\2)/U(1) x U{1) is definitely non-vanishing, note that G B /H is a 
symmetric space, where Gb = SU{2) x SU{2) = S 3 x S 3 denotes the bosonic subgroup of 
G. When G is arbitrary, H is bosonic, and Gb/H is symmetric, ( |5.7| ) and (|5.6| ) gives 

Rab(G/H) = Rab(G) + Rab(Gb) (A, B e Q B ). (5.13) 

So for PSU{\, l|2)/f7(l) x U(l), we find that 

Rab(G/H) = Rab(Gb) = Rab(S 3 xS 3 )/0, (5.14) 

since the Ricci curvature of round spheres is necessarily nonvanishing. A similar result 
holds for PSU(2, 2|4)/S , 0(4, 1) x £0(5), so it also has non-vanishing Ricci curvature. 

5.3. Field equations 

We begin our analysis by recalling the familiar background field equations that arise 
from the conformal invariance conditions on two dimensional bosonic sigma models. When 
the target space is a manifold with metric G^,, antisymmetric field and dilaton 
the sigma model action takes the form [B71 

S= 4^J dadr^^daX^X^G^X) 

+ I^ 7 / d(Tdr ^ ab daX^d b X"B^(X) (5.15) 
+ ±J dadr^R^MX). 
The conditions of conformal invariance imply that background fields satisfy the equations 
(5% = - - A H% + 2V M = , 



^ = -V X H^ V - V x $H Xfl „ = , (5.16) 
/3* = + ^ (-R + ^ + 4( V$) 2 - 4V 2 d> ) = 
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where (3 G and (3 B have been calculated to one loop, while the a' term in /3* arises at two 
loops. 

In the case of the bosonic sigma model, the condition of vanishing beta function implies 
the target-space equations of motion. Here we want to use this statement when the target 
space is a supermanifold. Formally, one only needs to replace the bosonic indices /U, v • • • 
by indices A, B, - ■ ■ running over bosonic and fermionic values^. Being a part of string 
theory, the AdS n x S n sigma model should be supplemented by a set of ghost CFT's and 
an internal space CFT as described in the previous sections. This cancels the conformal 
anomaly, implying that the term (D — 26) in (3® can be set to zero. Moreover, for the 
AdSd x S d model, we expect to have a constant dilaton so the equations of motion become 

Pmn = r mn + ^ H P MQ H Q NP (-) p = , 

Pnp = {-) M V m H M np = , (5.17) 

The first two equations are conditions of one-loop conformal invariance while the third 
equation guarantees that the conformal anomaly is not renormalized at two loops. In 
fact, these equations are too restrictive and can be relaxed without breaking worldsheet 
conformal invariance. Namely, the r.h.s. of these equations can be replaced by the gauge 
transform of the corresponding fields (i.e. the transformation of the G and B field under 
diffeomorphisms plus the gauge transformation of the B field). 

Let us begin with the Einstein equation, the first of the above. For a WZW model for a 
group manifold, comparison with (|5.4|) shows that setting H^ P = fpf P makes the equation 
work. In our case of a coset manifold G/H, taking into account ( |5.8[) and Rab(G) = 0, 
the Einstein equation become 

Rab(G/H) = \ f E AD fjj E (-) E = -\ H E AD H D BE (-) E . (5.18) 

We see that a naive attempt to identify Habc with structure constants would fail. We 
can examine our proposal of section 4 to identify the H field. The WZ 3-form is given by 
(|4.5|) and we will repeat this expression here 

O = H ABC J A A J B A J c , 

b m a' b' (5 - 19) 

— fmabJ m A J" A J — fma'b'J™' A J" A J . 



Sign factors that would disappear in the bosonic case are sometimes necessary, and can 
generally be found by considerations of symmetries under exchanges of indices. 



28 



This implies that the only non zero components of H are -ff ma 6 = fmab, Hma'b' = —fma'b' j 
and those with the indices m, a, b or m, a', 6' being permuted. Indeed, the field strength 
H equals the structure constants only up to some crucial sign factors. Raising indices we 
find 

rra fa rra pa 

^mb J mb ' n mb' J mb' ' 

(5.20) 

n ab — Jab > n a>b> ~ Ja'b' • 

It is easy to check that with the if's listed above ( |5.18| ) is satisfied: With indices only 
running over the coset, and due to the Z4 grading, we can only have (A, B) = (n, m), and 
(A,B) = (a, b') (or vice versa). In both cases the products in the right hand side always 
involve an H from the first column in ( |5.20| ) and an H from the second column. This 
confirms that the Einstein equation ( |5.18| ) is satisfied. 

We now verify the last equation in ( ]5.17| ) - the scalar curvature R of the coset su- 



permanifold vanishes. This is readily done with the help of equation ( |5 . 1 1| ) . Since the 
numerator group G is Ricci flat, we have R(G) = and Rab(G) = 0. Moreover, the group 
H is purely bosonic and corresponds to AdS2 x S 2 or their higher dimensional counter- 
parts. While the Ricci curvature of H does not vanish, its scalar curvature does. It follows 
from these facts that R(G/H) = 0, which is the desired result. The central charge of the 
coset model remains unchanged to two loops. 

Finally, we turn to the second equation in ( |5.17|) ; the field equation for the three-form. 
For the coset case it reads 

(-) A V A H ABC = g AF V F H ABC = g AF (d F H ABC + ■■■), (5.21) 

where the dotted terms denote contributions proportional to the Christoffel connection. 
Because of homogeneity, it is sufficient to check that ( |5.21| ) holds at the identity point of 
G/H. At this point, to be denoted as 0, the Christoffel coefficients vanish and we have 



) A V A H ABC 



= g AF {d F H A bc)W (5-22) 



It will be useful to treat this left hand side as a two-form, introducing the notation 

B = g AF {dp H ABc) \ Q JB AJ C_ (5 23) 

We will now show that the Z4 automorphism of the group G together with its Ricci 
flatness guarantees that (3 B is <i-exact. This is sufficient for one-loop conformal invariance 
since it implies that the relevant counter term is a total derivative in the two-dimensional 
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effective action. Indeed, as it was shown in section 4, the Z4 action and Ricci flatness are 
enough to ensure one-loop conformal invariance. Moreover, we will show that when H is 
semisimple, (3 B vanishes identically. The cases of AdS n x S n for n = 3, 5 are of this type. 
The case n = 2 is different, but (3 B vanishes anyway. 

To evaluate ( |5.23| ), we need the expansion of Habc(X) to linear order in X. For this, 
one uses J A = dX A - \f A c X B dX c + ■■■, and, O = H ABC (X)dX A A dX B A dX c , which 
lead to 



(5.24) 



Habc{X) = Habc — \ (Hebc Ifa 

+ {~) AF H AEC f§ B + {-)^ F H ABE f E c ) X F + 0{X 2 ) 

Replacing into (|5.23| ) and noticing that g FA fAFE = 0, we find 

P B - g FA ((-f^ HaceJfb + {-) {B+C)F H ABE f F F )j B A J c . (5.25) 

For ( |5.25|) to be non- vanishing, Z4 symmetry implies that (B, C) = (m, n), (5, C) = (6', c) 
or (£?, C) = (6, c'). For (£?, C) = (m, n), expanding out, substituting the values of H, and 
using the Jacobi identity, we get an answer proportional to Vif^ nn J m A J n , where Vi = f^. 
For the case (C, B) = (c, 6'), using the Jacobi identity and the vanishing of R c b>(G), we 
find a single term proportional to Vifl c ,J b A J c . Evaluating the relative coefficients of the 
various terms, one finds 

P B ~ Vi (f mn J m a r + f bc , J h a r + r Ve f a r + f jk P a j k ) , (5.26) 

where the last term has been added by hand using Vifjj k = faifjk = 0, a fact that follows 
from the Jacobi identity of Q. Now, using ( f4.2| ), one can rearrange ( |5.26| ) into the d-exact 
term: 

(3 B ~Vidr = d(V i J i ) , (5.27) 

which is sufficient for one-loop conformal invariance since it implies that the worldsheet 
counter term is a total derivative, i.e. it can be removed by a gauge transformation of the 
B field. 

For the AdS% x S 2 case, the r.h.s. of (|5.27|) vanishes since, using ( |3.13| ), one can check 
that Vi = f%i = 0. For the higher dimensional AdS cases the Lie algebra of the subgroup 
H is semisimple and therefore every generator Tj can be written as a commutator of other 
generators. As a result, the vanishing of Vi is implied by the vanishing of Vif^ k discussed 
above. This concludes our verification of the target space equations of motion. 
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6. String theory in 6 and 10 dimensions 

As we already mentioned in the previous section, our AdS2 x S 2 computations can be 
repeated for AdS 3 x S 3 and AdS 5 x S 5 backgrounds by replacing PSU(1, 1\2)/U(1) x *7(1) 
with PSU {1,1\2) x PSU{2\2)/SU{1,1) x SU(2) or with PSU{2,2\4)/SO(4,l) x SO (5) 
and choosing the appropriate Z4 action. The WZ term is given by the expression ( |4. 4| ) 
in all of these cases. Although our results only prove one-loop conformal invariance, we 
conjecture that these actions are conformally invariant to all loops and therefore describe 
conformal field theories. 

The remaining problem for the higher dimensional cases is to construct a consistent 
string theory from the conformal field theory of these coset spaces. In the six-dimensional 
case, the conformal anomaly of the coset model is equal to c = —10. As discussed in 
[K],|l|, there are two ghost-like chiral bosons which are necessary for N = 2 worldsheet 
superconformal invariance and which contribute c = +2 to the conformal anomaly. As 



will be shown in [[13| , the remaining c = +8 to cancel the anomaly comes from the ghosts 
for "harmonic" constraints which eliminate half of the fermionic currents and reduce the 
PSU (1,1\2) x PSU(2\2)/SU(2) x 5*7(2) coset model to the PSU(2\2) model discussed 
in IJ and Q. In the ten-dimensional case, one would have to add a c = +22 ghost 
system to cancel the anomaly. Unfortunately, the lack of a covariant GS formalism in ten 
dimensions makes it unclear how to add this additional ghost system. To understand the 
string theory in AdS§ x S 5 background it may be important to analyze the W algebra of 
the corresponding coset. 

It might be interesting to try to formulate string theory on an arbitrary supermanifold. 
This idea is very simple but is not easy to implement. Sigma models on supermanifolds are 
generically non-unitary, so one needs to find a set of constraints (analogous to the N = 2 
superconformal constraints of this paper) to remove the negative-norm states. Although 
such constraints are known for some special cases (e.g. those related to the RNS superstring 
by a field redefinition) , they are unknown in general form. 

We have given a formulation of string theory on an interesting four-dimensional back- 
ground involving RR fields. We hope our results will pave the way to the construction of 
full string theories for the higher dimensional cases. 
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